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SOLVABLE GROUPS AND A SHEAR CONSTRUCTION 
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Dedicated to Prof. Jaime Muhoz-Masque on the occasion of his 65th birthday 


Abstract. The twist construction is a geometric model of T-duality that 
includes constructions of nilmanifolds from tori. This paper shows how one¬ 
dimensional foliations on manifolds may be used in a shear construction, which 
in algebraic form builds certain solvable Lie groups from Abelian ones. We 
discuss other examples of geometric structures that may be obtained from the 
shear construction. 


1. Introduction 

Recent years have seen a large number of constructions and classifications of 
geometric structures on nilpotent and solvable Lie groups, for example Email 
(Tj. Many of these structures are motivated by ideas from theoretical physics, and 
particularly various requirements coming from string and M-theories. An important 
aspect of such theories are various duality relations. In particular, as Strominger, 
Yau & Zaslow [123 proposed that T-duality is closely related to the concept of mirror 
Calabi-Yau manifolds. When fluxes are introduced, the relevant geometries no 
longer have special holonomy, but are special types of almost Hermitian manifolds 
in dimension 6 and, for M-theory, G 2 -nranifolds in dimension 7. 

In El \m a geometric version of T-duality, called the twist construction, was 
described that reproduces the known results on nilmanifolds and provides other 
geometric examples. It was applied in [lOj to describe the geometry of the c- 
map [3] that constructs quaternionic Kahler manifolds in dimension 4n + 4 from 
projective special Kahler manifolds in dimension 2 n. The homogeneous models of 
this construction mm provide all known examples of homogeneous quaternionic 
Kahler metrics on completely solvable Lie groups [5]. However, the construction of 
|10j requires modifying the geometry via so-called elementary deformations, before 
the twist construction is used. This is related to the solvable, rather than nilpotent, 
nature of the homogeneous examples. It is therefore interesting to look for a broader 
construction that includes the geometry of solvable groups. The purpose of this 
paper is to propose such a shear construction in the situation where there is a 
single symmetry, or more generally an appropriate one-dimensional foliation. We 
will restrict ourselves to a situation which for solvable groups corresponds to having 
only real eigenvalues. In future work, we will describe how foliations from bundles 
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with flat connections can be used to remove this restriction and consider foliations 
of higher rank. 

In section [2j we consider the underlying Lie algebraic picture, first recalling the 
description for nilpotent Lie groups and then extending it to the solvable case. 
We then provide a general geometric set-up in section [3] based on a double fibra- 
tion picture, and discuss carefully what type of bundles may occur. The fibrations 
will be seen to be given by principal bundles with one-dimensional fibres, but the 
connection-like one-forms are not necessarily principal. In section [H we describe 
how geometric structures may be transferred through the shear construction, con¬ 
sidering which differential forms are naturally related via the horizontal distribu¬ 
tion, and providing a formula for the de Rham differentials. Finally section [5] shows 
how this shear construction may be applied in examples for different geometric 
structures. 


2. Algebraic models 

2.1 The model behind the twist construction is based on the geometry of nilman- 

ifolds. Recall that a Lie algebra n is nilpotent if its lower central series rd 1 ) = 
n' = [n,n], = [n,n^” 1 )], terminates, so = {0} for some r ^ 1. The 

smallest such number r is called the “step length” of n. Dually this condition is 
that there is a minimal filtration n* = Vq > V\ > ■ ■ ■ > V r -\ > {0}, given by 
Vi = Vi{n) = Ann(n^ - ^), with dVi C A 2 Fi + i for each i. Our convention is that 
da(X, Y) = —a([X, Y]); the Jacobi identity is equivalent to d o d = 0. 

Fix an element a £ Vo \ V\ and choose a splitting n* = Ra © W with V\ ^ W. 
Let F € A 2 Vi be a two-form with dF = 0. Then dW ^ A 2 Vi ^ A 2 IY and we may 
define a new Lie algebra m, by taking m* = R/3 + W, retaining the definition of d 
on W and putting dfd = da + F. The algebras n and m are then said to be related 
by a twist construction. 

One valid choice in this construction is F = —da. This gives d/3 = 0, and in 
this case m is a Lie algebra direct sum R © W*, with W* nilpotent. On the other 
hand, if m is the twist of n via F , then we may invert the construction by using the 
2-form —F. It follows that any nilpotent algebra may be obtained from repeated 
twists of an Abelian algebra of the same dimension. 

Note that dual to the splitting n* = Ma © W we get a unique l£n specified by 
W(X) = 0 and a(X) = 1. The condition V± C W ensures that X is central. 

A simple example is provided by the Heisenberg algebra 1)3 = (0,0,12), where 
the abbreviated notation means that f)* has a basis ei,e 2 ,e 3 with corresponding 
differentials 0,0,12, meaning de\ = 0, de 2 = 0 and de 3 = ei A e 2 = ei 2 - In this 
case, we may take a = e^ and F = —da = —ei 2 - The resulting twist is the Abelian 
Lie algebra (0, 0,0). 

2.2 Now consider a solvable algebras. This means that the derived series s', (s')', ... 
terminates at some finite step. One then has that n = s' is nilpotent and that 
a = s/n acts on n as an Abelian algebra of endomorphisms. In particular, if n 
has step length r, then the subspace n^ -1 ^ is preserved by a. It follows that the 
complexification rd r-1 3 0 c contains a one-dimensional invariant subspace £c- 

For the purposes of this article, let us work in the case when £c m ay be chosen as 
the complexification of a real one-dimensional subspace £ ^ n^ r— 1 -* preserved by a. 
For example, this will be the case if s is completely solvable. 
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Fix a basis element X of £. Let a be any element of s* with a(X) = 1 , then for 
W = Ann(£) we have s* = Ret © W. 

The choice of £ implies that there is an element 77 £ s* defined by [A, X] = r/(A)X 
for each A £ s. We now have da = 77 A a + F, with F £ A 2 W and 77 £ W. 
Furthermore £ is an ideal of s and dW C A 2 W. Note that the relation d 2 a = 0 , 
implies that 77 and F satisfy 

( 1 ) dF = 77 A F, dr] = 0 and 77^ = 0 . 

Now suppose Fq £ A 2 s* is another two-form. We wish to define a new Lie algebra 
r by putting r* = M /3 © W with d /3 to be essentially da + Fq. More precisely, we 
may write Fo = 77' A a + F', with 77', F' £ A *W. Then define 

( 2 ) d /3 = fj A f 3 + F, 

with 77 = 77 + 77' and F = F + F'. For this to define a Lie algebra, we need d 2 /3 = 0 , 

which as above is equivalent to dF = fj A F and dfj = 0 . Translating this back to 

conditions on Fo, we first note that 77' is closed and 77' = —X _iFb. Now 

dF 0 = —rf Ada + dF' 

= —77' A 77 A a — r ]' A F + (77 + 77') A (F + F') — 77 A F 

= 77 A 77' A a + (77 + 77') A F' = (77 — X j Fo) A Fq. 

In other words, we get a Lie algebra if and only if 

( 3 ) dF 0 = 770 A Fo, dr ] 0 = 0 , ?7o| 4 = 0 

for 770 = 77 — X j Fo. This is one model of a pair of Lie algebras related by a shear. 

A valid choice for Fq is —F, which means that in r we have killed some of the 
Lie brackets in n and d /3 is decomposable. Another good choice is F 0 = —da, which 
produces a product algebra r = (g/£) © M. Conversely, appropriate choices of Fo 
allows us to construct s as a shear of r. 

In contrast to the twist case above, £ = (X) is an ideal which is not necessarily 
central. 

As an example, consider the completely solvable algebra s = ( 51 , 52 , 53 , 2 . 54 , 0 ) 
which has Abelian nilradical. Taking a = e^, we have F = 0 and rj = 2e5- The 
choice Fo = ei3, has dFo = 6513 — ei53 = 77 A Fo, so 770 = 77, and the resulting shear 
is ( 51 , 52 , 53,13 + 2 . 54 , 0 ) which has non-Abelian nilradical. Taking Fo = —da = 
—2e54, gives a shear that is r = ( 51 , 52 , 53 , 0 , 0 ). The original algebra s is obtained 
from r, simply by taking a = and Fq = 2es4. 

2.3 In both the above constructions, a geometric structure on the original algebra 
described by left-invariant tensors may be transferred to a corresponding geometric 
structure on the new algebra by replacing each occurrence of a by / 3 , or vice versa. 
It is clear that this will not necessarily preserve integrability properties of these 
structures, since these are determined by the exterior differential. However, it is 
straightforward to trace how such differentials change. 

3 . Geometric constructions 

Let us now turn to geometric versions of the above algebraic relations. A tradi¬ 
tion in T-duality has been to consider a space and its dual as being fibred over a 
common base. In ming a different approach was proposed in which both spaces 
are to be regarded as the bases of hbrations from a common total space. 
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3.1 In more detail, let M be a manifold with a circle action generated by a vector 
field X. Given a closed two-form with integral periods F £ fi 2 (M)z, there is 
a principal circle bundle P —> M and a connection one-form 9 £ 0 1 ( P ) whose 
curvature is F. If there is a function a £ C°°(M) with da = —X j F, then we may 
call a a Hamiltonian, and define a vector field X' on P preserving 9 via 

X' = X + aY. 

Here X £ H = ker 9 is the horizontal lift of X , and Y is the generator of the 
principal action on P. The twist W of M by the data (X, F, a ) is then defined to 
be 

W = P/(X'), 

whenever this is a smooth manifold. 

For a shear construction we propose the following. Let M be a manifold with a 
vector field A'. Write £ for the (possibly singular) distribution IRA C TM. Suppose 
F is a two-form on M with the property that 

(4) dF = r) A F, 
for some closed one-form 77 £ H 1 (M) with 77 = 0 . 

Choose a fibre bundle P M with connected one-dimensional fibres and write 
£ for ker 77*. Suppose P carries a one-form 9 £ Cl x (P) with T~L = ker 9 transverse to 
C, and with 

(5) d9 = 77*77 A 9 + tt*F. 

We now seek a one-dimensional foliation £' of P transverse to T~L with 7 r*£' = <!; 
and admitting local sections preserving 9. The shear S of M will then be defined 
to be the leaf space 

s = p/(0 

whenever this is a smooth manifold. 

Let us now discuss various stages in this construction, in order to justify some 
of the choices made and to clarify the set-up. 

3.2 If the rank of the two-form F is at least 6 , then equation (j4j) implies that 77 
is closed. The closure of 77 together with the requirement 77 ^ = 0 is equivalent to 
LaT] = 0 for each smooth section A of £. 

3.3 Given P and 9 , there is a unique smooth section Y £ L£ given by 9(Y) = 1. 
In particular, C, is an oriented foliation. We have Ly9 = Y j d9 = — 77 * 77 . As 77 is 
closed, we may locally write 77 = df , and get that 

(6) V/y« = 0. 

Thus the vertical space £ for the projection tt: P —> M has local sections that 
preserve 9. This is the reason we require £/ to have a similar property, since 
becomes the vertical spaces for the fibration P —> S of P over the shear S. 

3.4 In all cases, it turns out that P carries the structure of principal bundle. If 
the fibres of P are R, then the flow ip t generated by Y is a principal action. On the 
other hand if we ask for the fibres of P to be circles, the flow ip t is vertical so has 
some period p(x) on the fibre 7 r _ 1 (a;). As P is locally trivial, p: M —> R is smooth, 
and Yq = 27rF/7r*p generates a vertical circle action on P that is principal, cf. p~l| 
Proposition 6.15]. 
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3.5 Since dr] = 0, there is some cover M of M on which (the pull-back of) 77 is 
exact, i] = df. Write P for the pull-back of P to M. 

When P is an R-bundle, Y = eJY generates a principal R-action on P with do = 
e~f d as a corresponding principal connection. The curvature of do is Po = F. 
As the maximal compact subgroup of R is trivial, P and P are necessarily trivial 
and [e~^F] = [Fq] is zero in H 2 (M). 

When P is a circle bundle, then on P we have that the pair (Y, d) = (e^Y, e~^d) 
satisfies d(Y) = 1 and Lyd = 0. A priori Y is not a principal vector field as the 
periods may not be constant. However, as we saw above there is a principal circle 
action which may taken to be generated by a vector field Y 0 of the form Y 0 = h Y, 
for some positive function h constant on fibres. Let do be a principal connection 
with respect to Yq. Then we may write d = hdo + u, with Y j v = 0. Now 

0 = hLyd = liY j dd = Y 0 j d(hd 0 + v) 

= —dh + 1 o j dv. 

Choosing linearly independent one-forms a/ on an open set U C M, we may write 
V = Xu=i b i 7r * a i wit h b i G c°°{ 7T _1 (f7)) C P. Then Y 0 -idv = J2i=i( Y obi)n*ai. 
Since h is a pull-back, equation 0 implies Yobi is constant on each fibre. As the 
fibres are compact, this constant must be zero, so dh = 0, and h is constant. We 
conclude that / may chosen so that (Y, 6) = ( Y 0 ,d 0 ) are a principal vector held 
and connection. The curvature Fq = e~f F of do = e~^d then has integral periods. 

3.6 As an example, consider M = R n \{0} with Fq a constant coefficient form with 
respect to the standard coordinates x l on R". Under the R>o-action m i —> Am, we 
have Fo >->• A 2 ^, so the two-form F = r~ 2 Fo, where r 2 = Yli=i ( xl ) 2 >' s invariant. 
Furthermore, dF = r]f\F with r] = — dlogr 2 . Note that logr 2 is not R>o-invariant. 

Consider a linear isometry ip of R n that also preserves Fq. Then for any A > 1, 
the group T generated by At/? acts freely on M and M = M/T is a smooth compact 
manifold. In the case that ip = Id, M = S'" -1 x S 1 . 

On R n , and hence M, Fq is exact. Write Fo = dao with ao homogeneous of 
degree 2 under the scaling action; this is possible since F 0 has constant coefficients. 
We now define a principal connection do on the trivial bundle P = M x R by 
do = dt + ao- In order that d = r~ 2 do descends to a bundle over M we need 
a lift of the T-action to P preserving d. In the case that p*ao = apj we have 
(A</?)*ao = A 2 ao, so (A <p)(t) = A 2 t gives the required lift T. The space P = P/G is 
now an R-bundle over M, with induced one-form d satisfying 0 and 77 not exact. 

3.7 For P a circle bundle, we claim that rj is always exact. Let T be the covering 
group of M —^ M. On M we have F and r/ are T-invariant. Choose / G C°°(M ) 
as above, in 1 13.51 with df = r] and eJY principal. Invariance of r/ shows that 
g*f — f is constant for each g g F and we get a homomorphism A: F —>• R>o such 
that g*Fo = g*e~‘F = \{g)Fo- The homomorphism A is trivial precisely when 
77 is exact on M. Now P is the quotient of P by a lift of the action of F to P. 
Furthermore, d = e?do is invariant under the lifted action. In particular g*P and P 
are isomorphic as oriented circle bundles and so the principal actions constructed 
in H3.5I are isotopic. Let <p t be the isotopy from Yo to Y\ = g*Y 0 . Then <p\g*do is 
also a principal connection for Iq. It follows that on a typical fibre S 1 of P we have 
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27t = f gl (flg*0 o = f s i g*9o = A (g) f gl 8 q = \(g)2n, so X(g) = 1 and 77 is exact 
on M. 

3.8 It is convenient to rewrite conditions like © in a global form as follows. From 
0 = L e g a 6 = e 9 (dgd(A) + La8 ), under the condition 8(A) is nowhere zero, we get 

(8) d(8(A)- l L A 8 ) = 0. 

This is locally equivalent to the existence of a smooth function g, so that e 9 A 
preserves 8. Another way to rewrite this is 

(9) 8(A) d(A j 63) - d(8(A)) A (A 68) = 0. 

Let us now apply this to the existence problem for the foliation The condition 
7 r*£' = £, implies that there is a unique smooth section X' G T£' of the form 

(10) X' = X + dY, 

where A' G VH is the horizontal lift of X to 7~L = ker$, the vector field Y is the 
unique section of (j with 8(Y) = 1 and o is a smooth function. The transversality 
assumption on £' ensures that a vanishes nowhere. Write 

v = XjF. 

By ©, the condition that some local section of £' preserves 8 gives 
0 = d(a~ 1 (X' _i(tt*t] A 8 + 7 t*F) + da)) 

= d(d~ 1 (—a + tt*is)) = d(d~ 1 n*u). 

Contracting with Y , we see that a is basic away from zeros of v. Taking a = n*a, 
we then have 

(11) d(a~ 1 u) = 0. 

Thus a necessary condition for the existence of a is that 

(12) dv A v = 0. 

In other words, v = X j F generates a differential ideal. Note that equations 
m and m are independent of the choice of smooth generating section X of £. 
Using Q, equation m is seen to be equivalent to LxF A(Ij F) = 0; so this 
naturally replaces the condition in the twist construction that F should be preserved 
by X. 


4. Geometric structures 

In the twist and shear constructions, the total space P carries a distribution TL 
that is horizontal for both the projection 7 r to the original space M, and for the 
projection to the twist or shear space. Let us concentrate on the latter case, and 
denote the projection to the shear S = P /(£') by ns: P S. 

4.1 We say that two p-forms a G U P (M) and as G il p (S) are "H-related, written 
a ~'n as, if 7r*a and ir g as agree on A p/ H. This is equivalent to the existence of a 
(p — l)-form (3 on P satisfying 

(13) 


7T*a — 7 T g as = 8 A /3. 
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4.2 Let us show how (3 may be specified and determine when an a gives rise to an 
as- As 9{Y) = 1, we may choose /3 so that Y _i/3 = 0. Contracting (TCU) with the 
canonical section A' of £' gives 

tt*(X _ia) = ir*a (3 — 9 A (X _i/3). 

The horizontal part of this equation says (3 = 7 t* (3 for (3 = a -1 A jq. This gives 
X j 7 t*/3 = 0, and so the vertical part of the equation is also satisfied. Differentiat¬ 
ing m, we get 

(14) tv* da — nsdas = n*(F A (3) — 9 A TT*{r] A f3 + df3). 

Again contracting with X', we get horizontally 

X j da = v A /3 — a{d(3 + 77 A f3) 

= ( a~ 1 {da + v) — ??) A (A' j a) — d(X j a), 

which implies the vanishing of the vertical component too. In other words, a sat¬ 
isfies the automorphic condition 

(15) Lxa = 7 A (A ja), for 7 = a -1 (da + v) — 77 . 

Note that invariant functions and t) are automorphic. Also m implies that F is 
automorphic in this sense. The defining property of a ensures that 7 is closed, so 
locally we may write 7 = dh and m becomes 

(16) L e -h X a = 0, for dh = 7 . 

For a automorphic, FL related to as, equation m shows that 

(17) das da — a~ 1 F A (A' j a) dsa. 

It follows that the automorphic forms on M form a differential algebra under ds- 

4.3 In the twist construction 77 = 0 and the only forms considered for transferring 
to the twist space where invariant forms. Thus in condition (115fl 7 is zero, which 
translates to da = — A j F, agreeing with the definition of a given in m- In this 
case formula m agrees with that in the twist construction. 

In the algebraic model of the shear, the function a is constant, equal to —1, and 
all left-invariant forms are automorphic 

5. Examples 

5.1 Consider the Abelian algebra g = K 6 with an invariant Kahler structure 
( g,oo,I ). We may change bases so that w = ei 2 + 634 + e 56 , the (l,0)-forms for / 
are A 1,0 = (ei + *e 2 ,e 3 + te 4 ,e 5 + iee) and a given symmetry is A' = E\. Let 
us consider a shear for which each is automorphic. As Lxe-i = 0, this means 
0 = 7 = a -1 {da + A' j F) — rj. With this satisfied, g = Xu=i e i an d w are automor¬ 
phic. 

Let us find shears of g for which the induced geometry is Kahler. The closure of 
los gives 0 = dsoj = —a~ 1 F f\ei, so F = e A e 2 for some one-form e. Integrability 
of the shear Is of I is equivalent to dsA 1,0 C A 2-0 + A 1,1 . However, dse, = 0 for 
* > 1, so the only condition comes from ds(ei + ^ 2 ) = —a~ 1 F and implies that F 
is of type (1,1). We conclude that F = be 12 for some function b. For this example, 
we take 6 = 1. Now the condition dF = r) A F with drj = 0 and rj{X) = 0 gives 
77 = pe 2 for some smooth function p(y) of the second coordinate y on ]R 6 . Again 
for simplicity we take n = 1. Now d{a _1 X jF) = 0, implies a = a{y) and 7 = 0 
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reduces to a y = a — 1, which has solutions a = ce y + 1. For c = 0, the resulting 
Kahler shear is the solvable algebra r = (12, 0 5 ) = (12,0) © R 4 . For c ^ 0, we get 
other examples which are defined for all y if c > 0; smoothly these are still the 
space Ti 2 x R 4 , where Ti 2 is the hyperbolic plane, but now with a non-invariant 
Kahler structure on the first factor. 

5.2 Consider the almost Abelian 

Sa.m = ((A + m)17, A27, p37, -(A + /u)47, -A57, -/x67,0) 

where A and p are real constants. By [9] this carries a co-calibrated G 2 -structure 
with closed four-form ip = ei425 + ei436 + e 2536 - e4567 + e4237 + ei 267 + 61537 - 

Let X = E\ and F = e 23 - Then v = 1 jf = 0, so the condition CD is 
satisfied for any function a. We have dF = y A F with 77 = —(A + p)e 7 . For i > 1, 
each e, has both Lx&i = 0 and AAe; = 0, so is automorphic. The automorphic 
condition for ei, is that Lxe 1 = X _idei = (A + p)ej = —77 should equal 7 A 
X j ei = 7 = a~ 1 da — 77 , which forces a to be constant. It follows from CD that 
the shear of 0 a, m is an algebra hwhose dual is generated by (ei)s,..., {e?)s, 
the one-forms %-related to ei,..., e 7 and with differentials given by ((A + /r)17 — 
a _1 23, A27, p37, — (A + p)47, — A57, — /r67, 0)). These algebras are no longer 
almost Abelian. The form ips that is %-related to ip is also closed, since dips is 
"H-related to dsip = dip — a _1 F AA'j ip = 0 — a _1 e 23 A (6425 + 6436 + e 267 ) = 0. 
Thus the shear induces a co-calibrated G 2 -structure on each \)\^. 

5.3 Let us more generally consider shears that preserve geometries with closed 
forms. Equation (1171) implies that if a is a closed p-form, then the form as 7~L- 
related to a is closed if and only if F A X a a = 0. Thus for u a symplectic form, ujs 
closed implies that F is necessarily decomposable, much as we saw in the previous 
example. 

In dimension 6, suppose we have an 5 , G(3)-structure (p, J, w, p + , p_), where g is 
a Riemannian metric, J a compatible almost complex structure, = g{J •, •) 

and + ip- is a compatible complex volume form. 

This is half-flat if (i) ui is co-symplectic, meaning d(u} 2 ) = 0, and (ii) dp_ = 0. 
The shear form t os is co-symplectic if away from zeros of X we have 0 = FAX jw 2 = 
2 F A JX b Aw. This holds if and only if F = /? A JX* + Fq, where /3 is any one-form 
and Fq £ A 2 !F, W = Ann(X, JX) the annihilator of X and JX , is a two-form 
orthogonal to wo = w - g(X,X)~ 1 X'° A JX b G A 2 W. For the shear form (p~)s to 
be closed, we need 0 = F A X _i p^. Now p_ is proportional to X b A uq + JX b A UJ 2 
with ui 1 +ioj 2 a complex symplectic form in A 2 ’ 0 1F. Indeed u>o,u>i,u >2 span the space 
K 2 _W of anti-self dual two-forms in A 2 !F. Thus we require F A uq = 0. Together 
with the co-symplectic condition we find that F £ A. 2 + W + Mw 2 - 

Let (N a ,u}i,ojj,lok) be a K3 surface endowed with a hyperKahler structure. 
Taking M = N 4 xS 1 xS 1 , we obtain an 5'[/(3)-structure by putting u> = toi+dxAdy , 
p + + ip- = (ivj + iu>K ) A {dx + idy ). Let X = d x , and consider the cohomology of N. 
As is well-known, see j2], H 2 (N) = H+(N) © ([wj], [wj], [w^]) with b+(N) = 19. 
Let G £ fij_(lV) be a harmonic representative for an primitive integral element 
of H+(N), and consider F = G for / £ C°°(M). Now dF = 77 A F, with 77 = df. 
The condition 77 ^ = 0, implies d x f = 0. We have that F is orthogonal to w/, wj 
and ujk, so shearing with (A, F, 77 ) the S'{7(3)-structure remains half-flat. Note that 
as v = X jF = 0, we may choose a so that u> and p_ are automorphic, since both 
forms are X-invariant and taking a = Ge^, G constant, gives 7 = 0 in CD- We thus 
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obtain half-flat 5'C/(3)-structures on spaces Q 5 x S 1 , where Q —> N is a circle-bundle 
with curvature —C~ 1 G. The topology constrains 1/C to be an integer. 

In this example, the automorphic condition for p_ is Lxp~ = 0 = 7 A X _i p_ = 
7 A g{X, X)ojj. As uij has rank 4, this implies 7 = 0 and a~ 1 da = r/. On the 
other hand the automorphic condition for w 2 is weaker: Lxoj 2 = 0 = 7 AIjw 2 = 
27 A JA' b A to = 27 A dy A wj, this is equivalent to 7 A dy = 0. However 7 is 
closed, so 7 = dH with H = H(y) just a (periodic) function of y. So if looking for 
just co-symplectic shears, we thus have a~ 1 da = ij + dH, so a is the more general 
function a = Ce^ +H<Ji \ 


5.4 Let C = R x Q with Q a principal circle bundle over a base B. Write v for the 
principal connection and ui = dv for its curvature. Consider F = dt A v + ui, where 
t is the standard coordinate on R. We have dF = —dt A uj = 77 A F, for 77 = —dt. 
Let X generate the principal action on Q , then X _iF = —dt and equation m is 
satisfied by any function a(t). The one-form 7 in the automorphic condition (1151) 
is proportional to dt. In particular, any invariant form a with X _i a in the ideal 
generated by dt is automorphic. But in general it is important to consider non¬ 
invariant automorphic forms as the Lie algebra examples emphasise. 
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